We study the impact of Lorentz violating terms on a physical observable for both electrodynamics of chiral matter and an Abelian Higgs-like model in 3 + 1 dimensions. Our calculation is done within the framework of the gauge-invariant, but path-dependent, variables formalism. Interestingly enough, for electrodynamics of chiral matter we obtain that the interaction energy is the sum of a Coulombic and a linear potential (Cornell-like potential profile), leading to the confinement of static charges. Whereas for a Abelian Higgs model with a Lorentz-breaking term, the static potential remains in a screening phase.
I. INTRODUCTION
The study of the physical consequences of topology or, more precisely, topological terms have considerably increased over the last years. In all these studies, the θ-term (or axion-term) ∼ θE · B, has been the focus of interest. As is well known, the axion is a hypothetical pseudo-scalar particle introduced to explain the CP nonviolation problem in QCD [1] [2] [3] . In this respect, we also recall that the axion term provides a consistent framework for the Witten effect [4, 5] as well as for the topological magneto-electric effect [7, 8] . Particularly impressive is that the effects of this topological term have been materialized through the discovery of new materials [9] .
On the other hand, in recent times a great deal of attention has been devoted to the study of quantumanomaly induced effects with chiral fermions [10] . An example that illustrates this is the chiral magnetic effect (CME), which is the generation of vector current by an external magnetic field in the presence of imbalance between the chemical potentials of right-handed and left-handed fermions [11] [12] [13] [14] . Along the same line, we also mention the anomalous Hall effect [15, 16] . However, it should be emphasized that the crucial feature of these quantum-anomaly induced effects is to change the electromagnetic response of chiral matter. Interestingly, these systems (electrodynamics of chiral matter) are described by a Maxwell-Chern-Simons electrodynamics with a constant four-vector, which breaks the Lorentz invariance. Let us also mention here that the issue of Lorentz invariance violation in quantum field theories has been a subject of intense study [17] [18] [19] [20] , where the most studied framework is the standard model extension, which consists of the minimal standard model plus small Lorentz violating terms. Particularly significant from this point of view are the Lorentz invariance viola-tion electrodynamics, including either even or odd violating terms. It is worth recalling at this stage that theories with a topological term in (2 + 1) dimensions, where the physical excitations obeying it are called anyons, have been widely discussed in the literature [21] [22] [23] [24] . Accordingly, the three-dimensional Chern-Simons gauge theory offers a natural setting so that Wilczek's charge-flux composite model of the anyon can be realized [25] .
In this context we also point out that an Abelian Higgs model with a Lorentz-breaking term has been considered in Ref. [29] [30] [31] , where aspects of causality, unitarity, spontaneous gauge-symmetry breaking, and vortex formation were investigated. As a result, it was shown that unitarity is always violated for an external vector time-like or null. However, whenever the external vector is space-like, physically consistent excitations are found. Also, it was found a physical feature analogous of what happens in (2 + 1)D, namely, the electrostatic and magnetostaic fields are not independent.
With these ideas in mind, in this work we examine another aspect of these theories, that is, the impact of the Lorentz violating terms on a physical observable. To this end we will study the confinement versus screening issue for both electrodynamics of chiral matter and an Abelian Higgs model with a Lorentz-breaking term. Our calculation is accomplished by making use of the gauge-invariant, but path-dependent, variables formalism along the lines of [32, 33] . As we shall see, in the case of electrodynamics of chiral matter, by adopting a purely space-like vector v µ the interaction energy is the sum of a Coulombic and a linear potential (Cornell-like potential), leading to the confinement of static charges. Incidentally, the above static potential profile is similar to that encountered in both a theory of antisymmetric tensor fields that results from the condensation of topological defects as a consequence of the Julia-Toulouse mechanism [26, 34, 35] and for a B ∧ F model with topological mass from gauging spin [36] . On the other hand, in the case of the Abelian Higgs model with a Lorentz-breaking term and a purely space-like vector v µ , the static potential remains in a screening phase. In this manner, it can easily be established a new connection among diverse models as well as exploiting this equivalence in explicit calculations.
II. INTERACTION ENERGY

A. Electrodynamics of chiral matter
We turn now to the problem of obtaining the interaction energy between static point-like sources for the two models we shall consider in this work. With this purpose, let us consider first the Hamiltonian analysis for the electrodynamics of chiral matter coupled to an external source J 0 . We start from the four-dimensional spacetime Lagrangian density
where
Note that the Lagrangian (1) can be written alternatively in the form
Letting v µ = ∂ µ θ, we can, therefore, write
Having characterized the new effective Lagrangian, we can now examine the Hamiltonian structure of the theory under consideration when v µ = (0, v i ). The canonical momenta is
which results in the usual primary constraint, Π 0 = 0 and
This allows us to write the following canonical Hamiltonian H C :
The secondary constraint generated by the time preservation of the primary constraint, Π 0 = 0, is now
The above constraints are the first-class constraints of the theory since no more constraints are generated by the preservation of the secondary constraint. The corresponding total (first-class) Hamiltonian that generates the time evolution of the dynamical variables then reads
, where u o (x) and u 1 (x) are arbitrary Lagrange multipliers to implement the constraints. Since Π 0 = 0 always andȦ
, which is completely arbitrary, we eliminate A 0 and Π 0 because they add nothing to the description of the system. The Hamiltonian then takes the form
In order to break the gauge freedom of the theory, we introduce a gauge condition such that the full set of constraints becomes second class, so we choose
where λ (0 ≤ λ ≤ 1) is the parameter describing the space-like straight path
, and ξ is a fixed point (reference point). There is no essential loss of generality if we restrict our considerations to ξ i = 0. With this, the only non-trivial Dirac bracket is given by
From this expression we readily obtain the Dirac brackets in terms of the magnetic (
and
This allows us to derive the equations of motion for the electric and magnetic fields, that is,
Similarly, we see that Gauss's law takes the form
We also note that under the assumed conditions of static fields, equations (12) and (13) must vanish, which, then, yields
For, J 0 (x) = qδ (3) (x), after some lengthy and straightforward manipulations, we can write the foregoing equation as the sum of two parts:
Here J 0 (k ⊥ |x ⊥ |) is a Bessel function of the first kind, where k ⊥ and x ⊥ denote the momentum component and coordinate component perpendicular to v (v = 0, v 3 ), and v = |v|.
We now are in a position to calculate the energy interaction between static point-like sources, by using the gauge-invariant but path-dependent variables formalism. This is accomplished by making use of [32] 
where the physical scalar potential is given by
with i = 1, 2, 3. We also recall that (21) follows from the vector gauge-invariant field expression [32]
where the line integral is along a space-like path from ξ to x, on a fixed time slice. Interestingly, these variables (22) commute with the sole first class constraint (Gauss's law), showing that these fields are physical variables. Now making use of equations (17) and (21), we readily find that
after subtracting the self-energy terms. From equation (20) , the corresponding static potential for two opposite charges located at 0 and y it should be calculated.
One may gain further insight into the overall structure of the interaction energy by examining equations (18) and (19) in some limit. With this in mind, we shall introduce a cutoff Λ in equations (18) and (19) . In such a case, we can rewrite expression (16) in the form Φ = q 8πµv lim
wherẽ
We shall now examine the µν ≪ Λ case. As a consequence of this the Φ function reads
Now, making use of equations (20), (21) and (27), we find that the potential for two opposite charges located at 0 and r takes the form
after subtracting divergent terms, and r = |r|. We immediately see that the result (28) is a Cornell-like potential, which is spherically symmetric, although the external field break the isotropy of the problem in a manifest way. Incidentally, the above static potential profile is analogous to that encountered in a broad class of models [26] [27] [28] . In this way we have established a new connection among diverse models which can predict this interaction energy.
B. The Abelian Higgs model with a Lorentz-breaking term
We now extend what we have done to a Lorentzviolating Higgs model. However, before going to the derivation of the interaction potential, we shall summarize very quickly the principal features of this model. For this purpose, we start from the four-dimensional spacetime Lagrangian density [29] :
where D µ ≡ ∂ µ + ieQA µ . As before, v µ , is an arbitrary four vector which selects a preferred direction in the space-time. Now we recall that when the gauge symmetry is spontaneously broken by means the new vacuum
and m 2 < 0, the corresponding effective Lagrangian density reads
where M 2 ≡ 2e 2 Q 2 a 2 and J 0 is an external source. To get the last expression we adopted a polar parametrization and used the unitary gauge.
This new effective theory provide us with a suitable starting point to study the interaction energy. Nevertheless, to carry out such study one would need to restore the gauge invariance in equation (30) . It is with this goal that, by making use of standard techniques for constrained systems, we find that equation (30) reduces to
where ∆ ≡ ∂ µ ∂ µ . Notice that, for notational convenience, we have maintained ∆ in equation (31) , but it should be borne in mind that we are considering the static case.
With the foregoing information, we proceed to obtain the Hamiltonian. The canonical momenta are 
The canonical Hamiltonian is now obtained in the usual way and is given by
As before, requiring the primary constraint Π 0 to be preserved in time yields the secondary constraint (Gauss's law)
Hamiltonian is now given as
where, as before, w (x) = u 1 (x) − A 0 (x). Since our goal is to compute the static potential for the theory under consideration, we shall use the same gauge-fixing condition that was used in our preceding calculation. In view of this situation, we now write the Dirac brackets in terms of the magnetic and electric fields as
(36) It gives rise to the following equations of motion for the magnetic and electric fields:
andḂ
It follows from the above discussion that Gauss's law for the present theory reads
Again, as in the previous subsection, we shall consider static fields. Thus, we obtain
, the foregoing expression becomes
We now have all the information required to compute the potential energy for static charges in this theory. Thus, by employing equation (21) , the gauge-invariant scalar potential may be rewritten as
after subtracting the self-energy terms. As was explained before, from equation (20), the corresponding static potential for two opposite charges located at 0 and r it should be calculated.
However, following our earlier line of argument, we shall now consider the background small compared with the mass term (µ 2 v 2 ≪ M 2 ). Accordingly, expression (42) can be simplified
III. FINAL REMARKS Finally, by exploiting the gauge-invariant but pathdependent variables formalism, we have addressed the confinement versus screening issue for both electrodynamics of chiral matter and an Abelian Higgs-like model in 3 + 1 dimensions. An important feature of this framework is a correct identification of physical degrees of freedom for understanding the physics hidden in gauge theories. As a consequence, in the case of electrodynamics of chiral matter and a purely space-like vector, v µ , the interaction energy is the sum of a Coulombic and a linear potential (Cornell-like potential) leading to the confinement of static charges. We may parenthetically note here that the above static potential profile is similar to that encountered in both a theory of antisymmetric tensor fields arising from the condensation of topological defects due to the Julia-Toulouse mechanism [26, 35] and for a B ∧ F model with topological mass from gauging spin [36] . On the other hand, in the case of the Abelian Higgs model with a Lorentz-breaking term and a purely space-like vector, v µ , the static potential remains in a screening phase. In summary then, the present work shows a new connection among diverse models as well as exploiting this equivalence in explicit calculations.
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